
I Homologytheory

There are many types of ( ordinary ) homology theories

singular , simplicial,
cubical

,
cellular

,
. . .

these all give the same results on CW - complexes

we will discuss the
"

most general
"

one Linguahomology
and then derive an easily computable one cellularhomology

There are also generatedhomologies ,
like bordism theory ,

K - theory ...

these are different from ordinary homology
we might discuss them briefly

Underlying these theories Is heyalgetsra which Is a purely

algebraic theory of " chain complexes
"

such objects show up in many contexts and give even

more
"

homology theories
"

,
like Floer - homology

such theories are not really about algebraic topology
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a singularp-sim.pl#in a space X is acontinuous map

o : OP → X

the

singulargro-up-efep-chains-n.lt
is

Cp l X ) = free abelian group generated by singular p - simplices



that Is an element of Cp ( X ) Is a

finite formal sum

⇐ n
,

0
;

 where n.EE and

o
,

:oP→X Fi

exercise : There Is an obvious way to add two elements

Show this makes Cplx) an abelian group .

we call elements of Cpk) ( singular)pchaingiven
a singular p - simpler 0 we say the dateof o is

on'=
oo Ftf

and the

boundktiszo.pqg.jo"

note : 20 Is a Cp- i ) - chain !

way# ÷o.no#ukG* .

20 = 04 . o
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now define the teary

map2p: C

pH
) → (

p -
il× )

Pgnisi it ⇐ nildoi )

|emma1_: -

With notation as above
)

subscript p Is usually omitted so

|2p.,°2p= lemma then stated 2¥

Proof : 2p . ,°2po=2p . ,l£⇐f's oo Ff ) = ¥fN
'
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'
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EH

note : lemma ⇒ linage Jp C kernel Trp ,

we define the pthhomologygroup of X to be

ftp.Cxl-kerk/in2p+

,

an element of Ker 2p is called a ( singularity
an element of mi

2p+
,

is called a lsioigularpboundary

we say two chains G. Cz E Cplx) are homologue if I some

d E Cpt ,
( X) Sf

.
C

,
- Cz = Jd

,
we write G - Cz

this is an equivalence relation it c is a p - cycle
let Ec ] be its equivalence class

Hp Cx ) -

- { Csl ca p - cycle )

Remain: There are ne singular p - simplices for pro so Cplx) -
- to }

: Hplxl -

- o H pro

kmmaie-x.onepc.in#space)I then
µ panto' '

;Io
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:
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so

2p0p= { Opt P even p > o

0 p odd or p=o

" P odd

Hpcx)=kmer}pt+
,

= Coppa,
= {03

p even ,p > 0

Hpkt t.hn?Tpdu=R= { o }

Po
How =h,emr3÷=GfF=oEs=2t

#

#÷tol×)=freeabekangroupgenerated#

path components of X

I NQZ where X has n path
\component

proof : an element cecdx ) is C = ¥
,nixifor points x. EX

,
a

,
EE

define E : Cold → z

In ,x ,
HE ni

It Is easy to check E is a homomorphism ( do it ! )
o

If 0 is a singular t simplex then

20=  ×
.

- xz ( end points o#
→ ¥

SO { (
24=0

if d C- C. ( x ) then D= ¥n
, q . so E ( 2 d) = 0

1.e
.

ini 2
,

C her {

so { induces a homomorphism

{
*

: Ho ( x ) → E called an augmentation ( so Is { )

[ c ] IT { ( c )

Claim : if X is path connected then {
*

Is an Isomorphism

PI : clearly C
*

Is surjecave ( E
* ( [ xD = 1)

fix xo EX
,

then for any XEX we can take Xx :[ oil ] → X st . 7×10 ) ±Xo

Xx ( 1) = X



so 2X×= x - xo

now given any C = In ,x ,
. such that { ( c) =0

let Xx
,

be path for xi

note C- 2 In ,X×
,

= Enix
,

- In,(× ,
- xp = En

, x.  
= ( Eni )xo=o

so C=2ImX×
,

and [c 3=0 in
' Ho ( X )

-
,

exercise : It the path components of X are Xa
,

xe A

then Cplxl=Pta
C pkx )

and Hplxtjoattplxx)

note lemma now follows
#y

~

Remade:  it we set 25 E and I ,

= 2
;

for 2=1 then the proof
~  ~

shows 202=0 f no
I ltl

so we can define
µnp(× , = keidplin

Jp-4

Clearly Hplxl = HI ( x) ttpz 1 and

Hold = To1×1+0 #

Fpl× ) Is called the .reducedhomolo# of X
.

notice that if 8 :[ on ] → X is a loop based at xo

then V is also a singular 1- Simplex and

28=0 so [ H E H
,

( X)

this gives a map

¢ :X
, (X. xD → H ,

( ×) called the

Hurewitzmaplwe
check It's well-defined below )

That 4

-TfX path connected
,

then the Hurewitz map induces an isomorphism

)4* : ⇐IX. xD)
"

→ H, ( ×)¥h,lx.int#anzahanoExxItheabekanizatio=

Gab of a group
G Is the largest abelian



quotient of G
.

that  Is if A is any abeliangroup and f : G → A a

homomorphism
,

then F F : Gas → A SI
. G toy A

\ , gab #
exercise : Gdb = % ,o ]

where [ 6,6 ] Is the smallest normal

subgroup of 6 containing { [ g. ht : g. he 6 }

Proof : we will denote equiv .

classes in T
,

(X. xo ) by [ H

and equiv .
classes in H.CH by [1 8D

note :  i ) If 8. Y paths in X with 01 ' ) -710 )
,

then 8*7 - X - Y is a boundary

indeed
,

define o : 0
'

→ X by
Czµ#yconstant on pink lines€#so on [ eoez ] have 8*4

eo 8 e ,

now 20=8-8*7+1
2) If 8 a path in

' X
,

then 8+8 is a boundary ( and constant

path a boundary)
indeed

,
it 0 : 8 → X a constant map ,

then 20 = dot

ontoeach a constant

path C

now given 8 let o
'

: 02 → X be
@

z

|¥
,

constant on pink lines

e.

g-
e ,

so 0
'

on [ e. ez ] Is F

on [ eo ,ez] is some constant path c

let 0 be singular 2- simplex with 20 =L

so 2 ( o
'

- o ) = j +F

3) it 8 and Y are homotopci relend points then 8 - Y is a

boundary



indeed
,

let H :[ o
, D×[ on → X be the homotopy

then H induces a singular 2- simplex of

7

n##
n

't
x

#° to.

amnesty## "

now 20 = 8 -

y + constant pathsince
a constant path is a boundary so Is 8

-1
,

now : 3) ⇒ ¢ is well defined

1)
⇒ ¢ a homomorphism :

( l )

¢ ( or ] .[y])=¢([8*7] ) = [18*71] = [181+[151--4 ( [ b) i. 011 [ M )

since Hild abelian '

we get

Q* :#IX.%) )ab→H , C ×)

we construct an inverse for Q*

for each point x e X let K,
be a path x. to ×

given a singular 1- simplex 0 let

on = roast o * Joa,

this Is a loop in X based at xo

now define Y ( o ) = [ on ] since ⇐IX. xD)
"

Is abelian and

C. ( × ) a free abelian group this defines

4 : C. ( x ) → Fhcx. %) )
"

< constant path

note 4°¢*l[ 4) = [ e×o*r*E.
] = [ r ]

it 0 Is a 2- simplex then let  yo ,y , ,y ,
be vertecies

Yz

%¥ )

Yo
#

4
,



4 ( 20 ) =
 4 ( oo . o

' ' '
+ oc" ) =

YCOH) 4 (oo
') 4 (oily

= [ 8yo*o'"* Jy
,

* ry
,

* do '
* try,* ryitot '

* Jyo ]

= [ryo* d "
* on * J' ' '

* 8% ] = [ eat
T

since loop bounds disk o !

So in 22 cker 4 : . 4 induces a map

Y* : H
,

( X → 4T( X. %Dab

from above we clearly have 4*04 *
= c 'd

now if ICD e H
,

IX) with c = I ni 9
,

concatenate a
, copies

i

01*04*11411=4*1#
to.a*o,

*Fanti ] )
t

concatenate

= I n ; I row,
* on * I."A

= Entrants+ Era - trains )
= I n

,
¢o , I =

¢[
no ,

I

#
D

T
since 2 C = 0 for each q ( o )

,
F a j st , q ( i ) = 0,10)

so ¢*oY*= id
E#

Remarks. For any n can similarly define a map

$n
: In ( X. xo ) → Hnlx )

and can show for the first k for which HHCX to

4h Is an Isomorphism it k > I

B

LEhomol@lgebreandmapsonhomo1oqyaseqvenceofabehaisgroupsCxandmaps2ni.ca

→ g. ,

"
denotes general index

Is called a chaincomplex If 2 . ,°Ja= 0 for all a

che homolog of the complex Is
Hu ( ( * D) =

her
2%mzn+

,



Homological algebra Is the study of general chain complexes
when a definition or theorem Is purely about homologue algebra

I 'll denote It by IHA ) such results are true for and chain complex

in particular , they will apply to the singular chain groups .

def"CHAI . given two chain complexes ( C*
,
2) and ( CI

,
J ) a cheammapis

a sequence of homomorphisms fn : Cn → Cn
'

such that

2
'

no fn = fn
. ,°2n an

. . .

→ Cn → Cn . ,
→

.  . .

ffnj; ffn. i

. . .

→ Cn
'

→ C in. ,
→ ...

lemma5lH= :

-gA chain map {fig :k*,2) → ( CI
,

J ) induces homomorphisms
\

(fn )* : Hnl C
* D) → Hnk*

',÷
Proof : note if [ h ] E Hn(C*

,
2)

,
then 2nh=O

30 Jnfn( h ) )= fnlidnh ) = fn
. fo ) :O

so fnlh ) gives a class In Hn ( CI
,

2
')

define (hn )* : Hnk*
,
d) → Hn ( 4.2 ')

[ h ] M [ tn ( h ) ]

note
,

lhn )* Is well-defined since it [ h ] :[ h
' ] then Fk st

.

h - h '=2n+ ,
k

so we have

fnlh ) = fn ( h '+2n+
,

k) = fn ( h
' ) + 2h #nah)

so [ fn 1 D= [ fn ( h
' ) ]

A-n)* is a homeomorphism since fn Is Exercise )
#,

Now for singular homology
if f : X → Y Is a continuous map ,

then define

fn : Cn ( x) → CNCY) : Imo
,

it Imdfoq )



this Is clearly a homomorphism and

fa
. , (2^0) =fn

. ,
( Ioc's '

'

o
" ) = Ithicfoo " )

= I C-ni foot "
= I C-Di fnco)

=2n(fn ( o ) )

so fn
. ,°2n = 2 no fn

.

'

. by lemma we get

fn : Hn ( x ) → H
.

( Y)

exercise :  i ) (fog )n= fnogn

2) ( I'd×)n= id
Hncx )

def"HAI :

given chain ' completes (C * ,
2) and ( CI

,
J )

and chain '

maps {fn } and { gn } from ((
*  D) to 4×1,2')

a thanhomotopy between { fn } and { gn } Is a sequence of

homeomorphisms
Pn : Cn → C

n
't,

such that

2¥ Pn + Pn
.
,°2n = fn - gn

Trnti 2 n

. .
.

→ (
n+ ,

-7 Cn -7 Cn - I
→

.  .
.

Pa

fmftp.#u)u9n%ffnf9ni
. . .

→ Cni, → cn
'

- ci
. ,

→
. . .

ani. ai

lemmabllttt "

#If Chere Is a chain homotopy between {fn } and { gn }

|then(fn)*=Cgn)*:Hnk*,2)→HnK*'i



Proof .

→ E Cn and 24=0 ,
then fnlhl - gn(hl= 21+10 Pnlh ) + Pn

. ,
( Jnh )

= 2nd,(Pnlnl )

so [ fnlh ) ]=[9n( H ]
L#

That

:#let f. g :X -7 Y be homotopic maps

Then {ta } and { gn } are chain ' homofopic maps (C *
1x ) ,J ) to ( C * CY )

, 2)|andthusfn=gniHnCH→HdY_,
Root : let H : Xx{ 0,1 ]→Y be the homotopy

so Hlx
,

D= fcx ) and HK ,i)=gCx )

given a simplex o : on → X

we define Plo ) by Ho ( oxide
, , ,

) :O
"

×[o,D→Y

to make sense of this we need to see 0 "x{ on ]

as a union on Cnti ) - sinipkcies

e.g. he

f
HIP ,

t )

e.
e. Gao, #Otten

, ¥0PlotHoloxidca ,)*:
( o ) = Ho ( oxide

, , ] )= H ( oleo )
,

t )

2 Plot = 2 ( Hcoceo ) ,t ) ) = Hloceo)
,

i ) - H ( oceo )
,

o )

= go
0 - fo 0



" ±

E.
no , @It,t.EE#i+io..+ ,

t÷t¥dF'+l¥€.
-

T
,

:[ eo ,e , ,f , ]

To
:[ eo

,
fo it '

]

#
define Plo )= Ho (oxide .

. , )k
.

. Holoxid )k
,

2 ( Plo )) =

Holqfoty
- 110k¥51H0I[

e. to ]
-

Holy.at#t
, ]

- Hol
[ eoe , ]

÷
oo + Hol - H

Kofo ] of fof , ]
-f÷

= gov
- foo - Pao )

in general let e. . . .eu be the vertices of 0
"

in IR
" "

think of IR
" " CIR

" "

as xn , ,=o

let f
,

be the points in IR
" "

above e
,

with xn+ ,
word =L

so [ eo
... en ] describes 0

"

× { 03 and

[ to ... fn ] " " O^×{ 4

and onxfo , if Is the Union of the Cnti ) - siinpkiies
[ eo

,
... ez.fr

,
... fn ]

t.EE#.I*E:E*IiEiIx
.



now define
P :C al X) → (

n+ , ( Y) by

p ( of = Then
"

H°§"%iD|[
e.  ... e. f. . . .tn ]

j
zp ( ol = If

,

.tl ) t M H°l0× 'dl°M)|[
e. . . .E,

.  " e. f
, . . .tn ]

+ I .

,elitist'HoK×id{an)l[e
.  

.  " e. f. . .  . I,
. . .tn ]

the lij terms cancel except for

[ £ to ... fn ) = [ to ... fn ] term which Is goo
and

[eo ... enfn ] = [ eo ... en ] term which Is - too

exercised : the tj terms give - Pao )
E#

Cord

:-|If f :X - → Y is a homotopy equivalence then fn : HNCX) → HNIY)|isanisomorphismforae
.

Remade If X is a contractible space ,
then

Hnlxk {
Z no

0 a ±O

C. Relativelyandexcisiolet
A be a subspace of X

so Cn A ) c Cn ( ×)

note Cna ) is in the kernel of

Cn ( x ) -2ns(
n . ,

( ×) 9k¥ 4 ' '%n(a ,

÷
n

induces a map

an :c n' Mona,
→

c
" 'You

. ,
(a)



define Cn ( x. At = 4l×Ycn(a ,
and

2n : Cn ( X
, A) → (

n . ,
( ×

,
A) as above

Clearly Jn . , °Jn= 0

thereabout ogy of ( X
, A) Is

Hnlx , A) = ker2%i2n+
,

note : 1 ) an element in Hnlx , A) Is represented by a relahiecyde

7.e. × E (
n

( X ) st . 2nd E (
n . ,

(A)

2) a relative cycle x is trivial in Hn ( X. A) it it Is a relahieboundary

1.e. F p C- (
n← ,

( X ) and 8 ECNCAI st
.

x=2pt8

Recall a sequence of homomorphisms

A # B±sc

Is called exactatb it in ¢=ker4

a longer sequence Is exact it it Is exact at every group

kmma9CHA=

-
If 1A

*  Da )
,

( B*
.

JB )
,

and ( C *  idc ) are 3 chain complexes

and { On } :C A*
,

2 a) → @* ,2B ) and {4n } :( B*
, 2.)→ ( (

* in

fIIIYIoIi¥¥¥a→. |

then there Is a long exact sequence

. . .

→ HnA*.tn#*HnlB*

.BY#5Hnk*PdtHn..lAn.2a

Some times this is written H*lADa)¥H*(B. 3) 4. 4* preserve

n degree
as an exact triangle

2*1 d ¥ a *
reduces

H
*

( Cpc ) degree by 1



before proving this we not an important consequence

Than .

-
-

→ A be a subspace of X

1) let i : A  → X be the inclusion map and

an Cnlxl → Cn (X. A) the quotient mapYeno→aµ±, ,µ± , a ,*→o
)

15 exact

2) So ] a long exact sequence
1* 9* 2¥

. .  .

→ Hath → Hnlxl → HnlXi At → Hn
. ,

(A) →
...

÷
ledlongexacfseq.ve#Proo_f: 2) follows from 1) and lemma 9 ofapaci.

1 ) clearly ln : Cna ) → Cncx ) Is injective
and qn : Cncx ) → Cn ( X. A ) is surjeitive

and kerqn = in 1h E#

exercise : verify that 2* in the exact sequence Is the map

h E An ( X. A)
,

choose at Cn ( x ) st
. 2nd e (

n . ,
(A)

and x eh

then 2*h= [ 2nd ] E Ha . ,( A)

Proofoflemma9_: consider
given cecn with 2cc=0

0 0 0

F be Bn st
. Yn (b) = c

1 t
aa

t

. .
.

→ An # An . i
→ An -2

→
.  .

. note : Yn
. ,( 2,3 b) = 214lb ))

a

-72
a

|$nTan. ,

+ tone =2c( c) = 0
v v

. . .

→ Bn #vBn. ,#Bn.z→. -
.

so 2,3 be Kerch . ,
= link

. i

b-
db 1- 0

-tht4n. , |ua , fzc
l% ' and 3 a e An . ,

st . Qn
. ,( a) = }b

. . .

→ v
(

n
-7 v

(
n - 1

-7
Cn

. ~
→

. . .

C - o

f f f note : ¢n.zl2aa)= 2,311%+141=2,32 b= 0

0 0 0

Since On , injective 2a a = 0



define : 2 :Hn( G. 2)→ Hn
. ,( Aida )

[ c ] 1- [ a ] where a is constructed above

Claim : 2k ] Is well - defined

0 ° 0 note : only 2 choices :O c e [ b ] and

t 1 t
�2� b st . Ynl b) =C

Anti # An # An . ,
→

...

a a

|4nu|4nITOn . , now given c. c
'

E [ c ]
v u ✓

Bnti ¥7Bn##n. , →
. .

.

F 5 E (
u+ ,

st .

2cE=
C - c

'

I - b-db
-

tuna
'I#%→"'µ4n' choose any b. b

'

e Bn and 5€ But ,
st

.|Cm
,

#
(

n

#Ant
'

- -  '

, ,

c-

it,c|-o|
Ynlb) =C

,
Yn(b)=c

,
and %+,(b)=E

t ✓ v

0 0 0
so 4h12,35 - btb ' )=2c4n+,l5 ) -

ctc
'

= 0

and hence F  E C- An st . ¢n( at 1=2,35 - btb '

as above F ! a.a
'

E An . ,
st . 4n

.,la)=2Bb
and On

..la'l=2,§
'

now On
. ,( Zaata- a

'

)=2B$n(a) +2Bb- 23 b
'

= 2,312,35 - btb ' )+2,36-2,35=0
On

. , injective ⇒ a '=at2aa

and hence [ a ]=[a ' ] ZE
.

2k ] well-defined,

exercised i ) show 2 a homomorphism

2) in # *
=ker( Yn )*

3) in # *
= ker2n

4) iin2n-ker@n.Dx
L#

example: HNCX ,x .
)= HIK)

t
reduced homology

Indeed
Hn( xD → Hncx )→HnCk×d→Hn . Ho )

torn > 2 T p
0 0

so Hnl×7=Hn( X. %)



And
H

,
1 %) → Hdx) → H

,
IX. xo ) → Hdxo ) → HDX) → Ho IX. xD TO

110
→ Hdx ) → Hdx,xo)→Zt  → QNZ → Hfx , xp → 0

^
×

# path components\ ?isomorphiosfxoyonnftanqinegnxobypath component

0 map

so HDX,× . ) = H
,
I X ) and

How ,
xD =

 E ,

E

exercises
-

" '

, ) If f :( X. A) → ( Y
,

B) Is continuous then

t* : Hn ( X. At → Hn ( Y
. B)

2) it f. g :( X. Al → ( Y, B) are homotopic through maps taking A to B

then f *  =9*

3) A CBCX then you get a long exact sequence

. .  .

→ Hn ( B. A) → HNCX. A) → Hn ( X. B) → Hu
. ,

(B. A) →
.  . .

Thalllexcision :

-
let Z c-A be subspaces of X

assume E c int A

The" the inclusion

Y,ag×.z
, a. ⇒ → ,×

,µinduces an Isomorphism on homology

7* : Hn ( X - Z
, A- Z ) → HNCX, A)

-

We give the proof later

a pair ACX Is called good if A  Is non - empty,
closed

,
and has a

neighborhood U in X st . A Is a deformation retract of U

( i.e. F H : Ux { on ] → U st
.

Hlx ,a=×
,

Hl x. i ) E A VXEU
,

and

H ( x. t ) :X VXEA
.
)

examples :  it A is a sub manifold of a manifold X
,

then ( x. A ) a good pair
it X Is built from A by attaching cells

,
then ( X. A) is a good pair



#"¥"*%°%°d"÷#"#%"£"+"#|q . ( X. A) → ( YA
, AA )(dues an  

isomorgpxhlgjmn, # → Hd ya
,AA)±HnMApt¥#d×

Prod : let U be a neighborhood of A that def retracts to A

We have = by excision.

( Than )

Hn IX. A) → Hn ( X. U ) c- Hnlx - A. U - A)

fq* ° lot * o
19 *

=
Hnlxtt

,
# → HNMA

,
%) c- HNMA - Ala,YA . AIA)

note : g
: I X - A. U - A) → HA- Ala

,
YA - Ala) a homeomorphism ! ( the

"

identity map
" )

so right most q* an  Isomorphism

so middle q* an isomorphism by excision

now we have 1 Ai A) is ( U
, A) h→' ( A. A) where 4. ( × , = Hk ,  D and

H Is def .
retraction U to A

and h ,°i=id( a. A)

ioh
,

= idw
, a) by ht

so 2* : HNIA , A)→ Hal U
,

A) an Isomorphism

thus the long exact sequence of ACUCX gives

Hnw , A) → Hnlx , A) → Hnl :X
,

U ) → Hn . , ( v. At
SH 511

HNIA ,
A)

" Hu . , ( A. A)
0 'f

and Hn (X. At → Hn IX. U) an Isomorphism .

we also know YA deformation retracts to Att ( H  induces def
retract )

so the same argument shows

Hnl
'' A. YA ) → HNCYA

,
Ya ) Is an Isomorphism

i. left most q* above is an Isomorphism as claimed
#y



ProPlIwsnrl2tokIIfTf@HncDn.oD
" I :{ 28

"I±÷
Proof : note

µn , , )={Zoo# kI±0o

and

HKCD
" )={

€ k=o

0 k¥0

n=1ca= : Long exact sequence of ( D
'

,
5) ( note 1%0=5 ' )

Hfs°
) →

HKID
' ) →

HKCD
'

,
5) →

Hk
.
,ls° )

11 11 11

k ? 2 O 0 0

so Hhls'lEHk(1%0)EHk ( D
'

,s9= 0 for k=z

H ,is9→H,( D.) → A. ( D
'

,s°l→Ho( 5) → Hd D.) → Hold '

,s9
' ' '  '

o o zY@z→

'

Iz ttolls ' )
\

, if
⇒ H

, (5) EH,
1 D

' ,s4=z

induction : assume Prop is true for S
" "

( n > 1)

Consider ( Da
,

sn
' ') :

HNID
"

) → HNIDYS " " )→Hn
.
,( 5

" " ) → Hn
. ,lD

" )
11

115
11

0 z 0

so HNCSYEHNCDYS" ' ' ) IE

for ktn ,
0

,
1

HHID
" ) → HNIDYS

" " ) → Hails
" "

)→HmlD " )
11

11 11

0 0 0

so Hkls
" ) EHHCDYS " ') = 0 her ,l ,

now

HIIDY → HIDYS " '

1) → Hols " ' ') → Ho ( D " ) → HOIDYSNY
11 11 115 11

0 z → z - 0

so H , (5) = H
,

( DYS
" ' ' )=O

#7



cord

:-)2D
" is not a retract of D

"

and

#pfiDn→Dnhaazxedpoin 't
.

Proof.

If r :D
"

→ ZD
"

Is a retraction then roI= idapn where 1 :2D
"

→ D
" Is inclusion

thus r*oI* : Ha
.

,l2D " ) → Hu
. , AD

" ) Is an Isomorphism
1  

Is 115

Zt Zt

but r* : Hn
.

d2D
" ) → Ha

. , ( D
" )=o the trivial map ! OX

.

'

. r does not exist !

the second statement follows from the fist as in
'

proof of Cor I. 14
E#

Cord "

#]If UCIR
"

and VCMM are open sets that are homeomorphii|thenn=
Remarks. this Is called "

invariance of domain
"

and implies that any

n manifold Is not homeomorphic to an m manifold for htm

Proof : for any XEU
,

we have He Uc IN - { x}c1Rn
,

so excision says

HNM.IR
"

- HDEHNIM "
- IN . U) ,(IN . IxD . I IN - a) = Hnw ,

U -1×3 )

the exact sequence for 4N
,

IR
'

- { × } ) says

Hulk
" ) → HNIMTN

" -1×3) → Hn
. ,

(11271×3) → Hh . ,( IR
" )

" "

O O

so HHIIRYIR "
. { D) I Hn

. ,( IR "
- {xD fHh . ,

15
' ')

and Hhw ,
U . { × } ) = { E h=n M

" -1×3=5
' '

0 ktn

similarly Hhw,
V . ly }) = { E Kim

v.  y c- V
0 k±o

it h : U → V a homeomorphism then Hnw,
U - { xD ±Hhl V.V - I had } ) Hk

:
. men

t#



later It will be useful to know the generators of Hnls " ) and HNCDYZDY

Prod
: -

i ) We can identify ( D
"

,2D
") with ( on

,
20 " )

under this identification

HNID
"

,2D
" ) Ez

Is generated by the identity map
On → D

"

¥. #

www.a.IE?;tItEEEtnEEIeiFfeg.OEIk

.

\

if f
,

:#→ S
"

Is the inclusion map

then f
,

- f
,

Is the generator of Hn ( SYEZ
|

÷
# : I ) we induct  on n

# : Ho ( D°
,

2D° ) = Ho ( Do
,

0 ) = E

tpt
Ho ( D° ) Is the free abelian group gen . by path components ( by That 3)

So generator Is D°=o°

induction : assume we know Hn
. ,

( D
" "

,2D
" ' ' ) generated by the inclusion

f : on
-  '

→ £
-  '

ED
" - '

clearly the inclusion g : on → Lt Is a relative cycle ( 2mg E Cn . ,
( 20

" ) )

so 2g = 0 in Cn . , ( Dn
,

2D
")

let A be the union of  all but one of the ( n - I ) . diinl faces of on
Vz

# on

Vo Tv ,

consider the long exact sequence for ( on
,

25
,

^ )



2
Halon , N → Halon ,

20
" ) → An . ,

128
,

^ ) → Hu . ,( on
,

22 )
511

if same

Ttnl %)
" ×

Io "=pt
0

so 2 is an Isomorphism

note 2on= Avon
,

Goin ) a good pair ,
and

4

20% =
°

" '

Yoon . i induced by inclusion 2 : on
' '

→ 20
"

so Hn . , 120
"

,
n ) 4¥Hn . ,

( Moon ' ) E Ha . ,
loan

,
son

' ' )

by induction the Inclusion of on
"

into on
' '

generates Ha . ,
1 oat

,
20

" " )

:

inclusion
0

" . ' into 20
"

generates Hn
. ,

non
,

a )

now 2 [ g ] = [ 2g ] = [ 20
" ] in Hn . , ( 2 on

,
^ )

but [ 20
" ] = [ or

' ' ] in Ha . ,
( 25

,
A)

i. 2[ g ] Is a generator of Hn
. ,

125,1 )

and [ g ] a generator of Halon
,

28 ) since 2 an Isomorphism,

nowforI : note % ; I Moon
,

this homeomorphism comes from
Inc . quot .

on
,

→ s"→s⇐
f

this deceuds to h : oigon
,

→ 5% ,
a homeomorphism

i. we get an Isomorphism h* : Halon, ,2d , ) → Hnlsn ,
one )

so on
, maps to a generator [ on

, ] of Hnlsn
, onz )

note :

Hn( g.) → Hnc 5) → Hnl 5,01 ) → Hanford
11 I

0 induced by inclusion 0

i

:C
5.a) → ( sn

, oh

so Hnl 5) IZ and it Is generated by a cycle in Cnls " ) that

maps by i to 04



now 0=07-0^2 Is a cycle ( exercise it not obvious )

and 0 = on
,

In Cnls
"

)/
Cn ( og )

.

.

. 1*1 [ 03 ) = [ on
, ] E Hn( Sn

,
one)

and hence @ ] generates Hnls " )
#+

When making computations It Is useful to know the long exact sequences
"

respect
"

maps between spaces .
this Is called nature .

That '

-
÷ f : ( X. A) → ( Y

,
B) Is a map of pairs , then the following diagram Is

commutative

|
"

→ "

ftp.T.ttnytt?HnYH*TttyY*
' →

" \
. . .

→ Hnl B) → HNCY) → HNCY,

B)
→ Hn . ,

(B) →
. . .sina.yforthelongexactsequenceofatriple.pro#

: note 0 → C
n

(A) → (
n ( × ) → (

n
( x. A) → 0

If * ff* ft*
0 → C

n
(B) → ( NCY) → Cn ( Y,

B) → 0

is clearly commutative so result follows from homological

algebra lemma below
L#

|emma18(HA)_:

-
It we have chain complexes and chain maps st .

0 → A *
is B *

is ↳ → O

k te
,

to
0 → A'* IsB'* ICI → 0¥"

.IM?aIIiIisIEiIIII#.*.¥th te* tr*
. . .→Hn( A '* )

#
Hn ( B'

*
)
#

Hnk '*I
'→

Had A

'*l→
...

Is commutative

=



Proof : since poi=1' od ⇒ p*°1*=l*'od*

similarly for 8*0 )*=J*' oB*

now recall 2[ CT ={ a ] where a C- An . ,
st

.

1( a) =2b for some BEBN st
. j( b) =C

so 2[ 8k ) ]=[&( a ) ] since JC c) = 84lb ) )=j
' ( plb ) ) Pchaiimap

and 1 '1x( a )) =p ( zc a ))=p( ab ) ¥p(b)

.

'

.
208*1 ( 1=2*02 [ c ] V [ c ]

#y

Here is a long exact sequence that generalizes Van Kampen to homology theory

Thntlalmayervietorid :

-
let A. BCX be subspaces s.tl/=CintA)uCintB )

die.it?IIEII*.!IiIixi:.*.....
)

Is exact where 4=6^1*+04'B)*

41 [ a ] ,[ b ] ) = C)a )*ka] ) - (b) *
( [ b ] ) and

2 [ Z ]=[2a] where Z= atb for a C- C
*

(A) and

bt C
*

( B )

-
examples.

1-2=5×5 ' @

A= # = i °i⇒×s '

HntH=HnlB)={ 28
"

n=±0j
.

'

,

Is
'

B= Tt C where@ Hnlaenyl, # { 250€ III
.

! ,
Is

'

c={ Iylxs
'



Hz ( Holtz (B) → Hzl F) → H
,

( An B) → H
,

(A) OH ,( B) → H
,

CTY → Holan B) → HOIAITOHOIB) → Holt )→O
11 s 115 " S "

"
4

,
4

,
2 40 1

0 - Hdty → ztozt - zioz → H.lt) → ztioz# ztosz → ( z o

since path
connected

note 01011,0 ) = ( '
,

' ) eachpath component of AAB

do Coin = (

1,11
maps into a path component of A by 1A and

-

B by 1,3
4 ' " a it " "

f.by#naFhEan.

4,10 , 1) = (

1,1
) ¥t

-
o

'

,  -012  generates  one factor  of H
, ( An  B)

and HIA )

similarly for  other  component  of ANB

so Ker ¢
,

E
Z generated by 11

,
-1 )

.

'

. H ,K4±Z

ker 4. = laid
,

E E generated by

11,1
)

: . in 4
,

=

2++02%-4
,

I Zt

in
'n2E

her do EE generated by ( I
,

- 1)

so Zt = lwi2=
H

' 't%erz = Hitting = H'lTY*

Clad : H
,

(F) I ZOE

let at K generate Z = #

KYK
where k±z

it e E H , (F) then etk=natk someNEZ
now e - na

EK
so if b generates K

,
then

e - na = mb some MEE

so each ee Hilt ) Is natmb

you can easily argue that natmb = n' a + nib ⇐ n=n!m=I ,

exercise : Hni
' )=o tn =3

so HNCTYE {Egg,
"

nIY2
otherwise



to establish Mayer - Vietor is we need

lemma ZOIHAI ' -

÷ en two long exact sequences and maps between them as below

so that the diagram commutes

|atII¥I¥I¥i÷÷.IE?iEIIEIiiIi#iiIii |
. : .

→ An ¥An 'oBn¥Bn
'} An . ,→ ...

Is exact where §n 1 a) = ( xnla )
,

fnla ))
,

In I a
'

,
b) = pn ( b ) - fn

'

(a)
,

and

rn ( b
' ) = h 08

"

og
'

lb
'

)

n##
Root : easy diagram chase

for example lets check exactness at Bn
'

To ¥( a
'

,
b) =hnofiog ; ( p .

( b ,
. fnya,p0

" rice 9n
'

of
.

'=o

= hnorn
"

( rnogn 1 b)) = hnognlb) = 0

so in
In

Cher rn

now it b
'

E her rn then Jj
'

ogn
'

lb
'

) ekerhn

so I b E Bn st
. gn (

b)
= Jj

'

ogn
' I b

' )

7.e. gn
' I b

'

) = On ° gn ( b ) = gjopn lb )

thus gn
' I pnlb ) - b

'
1 = O

and so F a
'

E A 'n st
. fn

'

( at = pnlb ) - b
'

: . b
'

= - fn
'

( a
' 7 + pn ( b) = In ( a

'

,
b)

thus I 'm In = her rn

exercise : check other cases
#y



P_foftay.VE tons ) :

Consider the long exact sequences of pairs ( Ai An B)and ( X
,

B)

(4.) *
(ka)*

An ( An B) → Hn( A) → Hatt
,

An B) → Hn . ,
IANB )µB) * if (IA) * if I  * if

Hal B) → Hnlxl → Hnlx , B) → Ha . ,
(B)

()B) * (his )*

Where ka
,

k
,

and I  are obvious inclusions

note : Alan B
± YB 1 exercise prove this

.

almost  obvious )

so if A.ANB ) and IX. B) are good pairs then I* Is

an isomorphism since Hula , An B) I In I Alan B)

to *

°

tE*±
If pairs not good still expect # is

Hn ( × ' B) ± Hnl " B)

an Isomorphism
,

and it is ( see book
,

or try to prove after we

prove excision )
the result now follows from lemma ( check if not obvious )

#y

Finally back to proof of excision

P_fthmlexc.com ) :

recall the set up : let Z a A be subspaces of X with E c int A

we need to show the inclusion map

7 : ( X - Z
, A - Z ) → 1 X. A)

induces an Isomorphism on homology
7* : Hn ( X - Z

, A- Z ) → Hulk A)

Mainidea : for any n and any x =

Eh
,

m
,

0 ; e (
n

( X. A) = 4% (a)

* Jeantidying.IE?.Inhtnatn  =  I

where in T
,

c X - Z  or

list ,
c A fi



we prove *O later but see how it implies theorem
.

take [L]eHn( X. A)

@ ⇒ F x
'

E [ × ] st
.

x '= In
,

T
,

as in @
I

let x
' '

. E Mr Ti
1 St .

in Tic A

note : i ) x "=x ' in
(

" ( %(a ,
=Cn( X. At

2) 22
"

E (
n

(A) in fact In (
a ( A - Z )

( since - 2x
"

= 2 ( L '
- L

' ' ) - 22
'

3) X
' '

E Cncx . zy
Ta Ta

so 22
"

can ( × . z ) )

CNCA - Z )

-

'

. a
' ' defines an element [ x

" ] EHNCX - Z
, A - z )

clearly 1*1 [ L
" ] )= [ 2

" ]=[ 2
' ]=[ L ]

so 2* Is onto

now suppose [ x ]eHn( X - Z
,

A - Z) and l*( [ a ] ) =O

so 1ox=x=2p some pECn+,( X. A)

¥0 ⇒ ]8ECn+z( X. A) s .t
. pear = Im

, Ti with T
,

as In @

clearly x=2( p +28 )

let p '= E m
, y ;

2 St
.

in TZQA

note : , ) p
'

c- ( n( X . Z ) and

2) 2p' = ZB - terms with linage in A

so Zp
'

=L in cn(×Y Cn (A)

but B' E (
a

( × - z )

:
. [ & ]=O in Hn ( X - Z ,A - Z )

and 2* injective ,

now to prove @-



need teenysubdivision of a simplex

subdivision of o - simpler : do nothing
u  "

1-
simplex : break simplex into 2 equal pieces

ET ,

→ -

Co f C
,

[ eo.ci ] = [ eo , f ]u[ f. e
, ]

subdivision of 2-simpler : subdivide faces
add Center point
add edges to all vertices

t.IE#ItieeHIEiteE*EEe
.

[ Coe , Cif = [ geofo] u[ g foe , ] u [ ge ,
f

, ] v.
. .

inductively subdivision of n - simplex : subdivide faces
add Center point
add edges to all vertices

C.9 .

add all faces so you have

¥A*¥⇒¥f# booties:p:#wanna

exercise Show
"

upto boundaries you can subdivide siniphiies
"

that Is it o :O
"

→ X a singular n - simplex

and if one on
,

u
. .  . vote Is its barycentric subdivision

then F Cn+1) - chain re such that

0+2 E  = ¥
,

±%n
,

\ determine sign
Hint : for o

'
= 1-1

eo e

\ Cz

o
'

= o
'

,
u o

'

z 1¥
,

let
t.be#&&yYeaohliieolo,

each e. 3- e
,line  old

,

0



so 2T = Th eoe , ]
'

Tlceoe
. ]

+ Tlkoei
= o - olo ;

+ old

note : as you repeatedly barycentric ally subdivide a simplex
the size of the resulting siniplicies goes to Zero

.

now given a singular n - simplex 0 : on → X

note{ in 'tA
, X - I } Is an open cover for X

i. { o
' ' lint At

,
o

' ' ( × . Z ) } Is an open cover of on

:
. 7  a Lebesgue number S > 0 for the cover st

. any set of

diameter < S is mapped by v to int A  or X - E

barycentric ally subdivide D
"

till each simplex has diain < S

for exercise FT E ( ntdx ) st
.

0t2T= Itolsobsimphces

so we can replace O with siinphiies satisfying @

: . we can do this for any I m ,q .
E ( nl X. A)

#,


